ABSTRACT. Kisin and Pappas [KP15] constructed integral models of Hodge-type Shimura varieties with parahoric level structure at p > 2, such that the formal neighbourhood of a mod p point can be interpreted as a deformation space of p-divisible group with some Tate cycles (generalising Faltings' construction). In this paper, we study the central leaf and the closed Newton stratum in the formal neighbourhoods of mod p points of Kisin-Pappas integral models with parahoric level structure; namely, we obtain the dimension of central leaves and the almost product structure of Newton strata. In the case of hyperspecial level strucure (i.e., in the good reduction case), our main results were already obtained by Hamacher [Ham16a], and the result of this paper holds for ramified groups as well.
INTRODUCTION
Let S be a moduli space over Z (p) of principally polarised g-dimensional abelian varieties with some prime-to-p level structure, and let A be the universal abelian scheme over S . Given a geometric closed point x ∈ S (F p ), Oort found a smooth equi-dimensional locally closed subscheme C (x) ⊂ S Fp containing x, which is the locus where the p-divisible group associated to the universal abelian scheme is "fibrewise constant" (i.e., the geometric fibres of the p-divisible group are all isomorphic to A x [p ∞ ]), and its dimension can be explicitly computed in terms of the Newton polygon of A x [p ∞ ]; cf. [Oor04, Theorems 2.2, 3.13], [Cha05, §7] . Such C (x) is called a central leaf.
Oort also showed that by transporting C (x) by "isogeny correspondences", one can "fill up" the Newton stratum of S that contains x. A stronger and more precise statement can be formulated as the "almost product structure" of Newton strata; cf. [Oor04, Theorem 5.3] .
The original motivation of Oort's study of central leaves [Oor04] is to understand "Hecke orbits" in S Fp . Later, Mantovan [Man02, Man05] found an interesting application of the PEL generalisation of the almost product structure to the study of the cohomology of compact PEL Shimura varieties at hyperspecial level at p, which is often referred to as Mantovan's formula. (Roughly speaking, Mantovan's the relative crystalline homology of A and the "crystalline realisation" of absolute Hodge cycles on the generic fibre of A ; cf. Lemma 5.2.4. In particular, we can associate to x a σ-G(Q p ) conjugacy class [b] , and it is possible to define the Newton stratification on Spec OS ,x . Let N G ⊂ Spec OS ,x denote the closed Newton stratum.
Let us now "preview" the main results of this paper. (We refer to the cited theorems for the precise statement.) Theorem 1.1. Let x ∈S (F p ), and consider the reduced locally closed subscheme C := C (x) ⊂S whose geometric pointsȳ are exactly those such that Aȳ (1) (Corollary 5.3.1) C is smooth of equidimension 2ρ, ν [b] , where 2ρ is the sum of positive roots of G and ν [b] is defined in Proposition 3.1.4. If S is a Siegel modular variety, then Theorem 1.1(2) is a consequence of the "almost product strurcure of the Newton strata" [Oor04, Theorem 5.3], and there are number of different proofs of Theorem 1.1(1), for which we refer to [Oor09] and references therein. Some proofs for the Siegel case can be generalised to the case of PEL Shimura varieties at hyperspecial level at p. If S is an integral canonical model of Hodge-type Shimura varieties with hyperspecial level at p > 2, then this theorem was obtained by Hamacher [Ham16a] . On the other hand, the author is not aware if the dimension of C was obtained in the ramified PEL case in the literature.
There is a parallel story for the local field of characteristic p, where local shtukas play the role of p-divisible groups. Under some additional hypothesis on G, the analogue of Theorem 1.1 for the deformation space of G-shtukas is already available; for example, [HV12] when G is a split reductive group over F q [[z] ], and Viehmann and Wu [VW16] when G is unramified (i.e., reductive over F q [[z] ]). The global function field analogue of Theorem 1.1 (for the function field analogue of Shimura varieties) was also obtained by Neupert [Neu16, Main Theorem 1] under a certain restrictions on the group. It is quite plausible that these result could be generalised to allow certain ramification on the group G.
Let us remark on the proof of Theorem 1.1. Let X := A x [p ∞ ], equipped with the crystalline Tate cycles (s α ) (which come from the absolute Hodge cycles of the generic fibre of A ). The key construction in the proof is the following: Proposition 1.2 (Corollary 3.2.2, Proposition 3.2.4). Assume that the p-divisible group X is completely slope divisible (cf. Definition 2.4.2). Then there exists a formal group scheme Qisg G (X), flat overZ p with perfect special fibre, which satisfies the following property:
(1) For any f-semiperfect ring R, Qisg G (X)(R) is naturally isomorphic to the group of self quasi-isogenies of X R preserving the tensors (s α ) in the sense of Definition 3.1.2. (2) There is a natural isomorphism Qisg G (X) ∼ = Qisg 
(1).
In the unramified PEL case, the formal group scheme Qisg G (X) was constructed in the work of Caraiani and Scholze [CS15, §4.2], which was denoted as Aut G ( X) in loc. cit. Clearly, this proposition can be extended to a p-divisible groups with tensors admitting a tensor-preserving quasi-isogeny to some completely slope divisible p-divisible groups. See Proposition 2.5.6 for a group-theoretic formulation of this condition.
It turns out that the connected component Qisg
• G (X) of Qisg G (X) acts on the formal completion S x ; cf. Theorem 4.3.1. We obtain Theorem 1.1 by interpreting the central leaf and the closed Newton stratum in Spec OS ,x in terms of the Qisg Our motivation for Theorem 1.1, especially (2), is to generalise the almost product structure of Newton strata in the integral models of Hodge-type Shimura varieties at odd "tame" primes, generalising the result of Hamacher's [Ham16b] . As alluded earlier, however, in order to define Rapoport-Zink spaces and Igusa varieties we need to have some control of each isogeny class of mod p points of S in terms of some union of affine Deligne-Lusztig varieties. Although this desired result is not known in the full generality, there are some cases where we can obtain it; cf. , we used Theorem 1.1 to generalise the almost product structure [Ham16b] (allowing G Qp to be "tamely ramified") and try to study the cohomological consequence, assuming a certain natural conjecture on isogeny classes of mod p points of Hodge-type Shimura varieties.
In §2 we review some group-theoretic and (semi-)linear algebraic background. In §3 we introduce the group of tensor-preserving self quasi-isogenies Qisg G (X) and prove some basic properties stated in Proposition 1.2. In §4, we review the "KisinPappas deformation theory" [KP15, §3] , and show that the connected component of the tensor-preserving self quasi-isogeny group Qisg G (X) acts on "Kisin-Pappas deformation spaces"; cf. Theorem 4.3.1. In §5 we prove Theorem 1.1.
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NOTATION AND PRELIMINARIES
For a finite extension E over Q p , we writeȆ := E ur .
2.1. Review of parahoric groups and extended affine Weyl groups.
Definition 2.1.1. Let G be a connected reductive group over Q p , and we fix a point x ∈ B(G, Q p ) in the extended Bruhat-Tits building. For any algebraic field extension K/Q p that is finitely ramified, we view x ∈ B(G, Q p ) via the natural embedding B(G, Q p ) ֒→ B(G, K). Then we obtain the following smooth Z p -models of G:
(1) The Bruhat-Tits group scheme G(= G x ), which has the property that
which is the open subgroup of G with connected special fibre.
is the full stabiliser of x ∈ B(G, Q p ), as well as the full stabiliser of the interior of the facet containing x.
We write
For any connected reductive group G overQ p , Kottwitz [Kot97, (7.1.1)] defined a natural surjective homomorphism
which is functorial in G, where π 1 (G) is the algebraic fundamental group and I Qp is the inertia group of Q p . Note that κ G can be concretely described when G is a torus (cf. [Kot97, §7.2]). Since κ G is required to be functorial in G and κ G should be trivial if G is simply connected and semi-simple (as π 1 (G) = 0), the torus case uniquely determines κ G for any connected reductive group G overQ p (cf. [Kot97, §7.3]). We set
Returning to the setting of Definition 2.1.1 (so G is now a connected reductive group over Q p ), let us recall some basic facts: 
, where T • is the connected Néron model of T . It turns out that T (Q p ) 1 is the unique parahoric subgroup of T (Q p ), and we have the following short exact sequence
In general, G(Q p ) 1 is generated by the parahoric subgroups of G(Q p ). Let us now make a convenient choice of maximal torus T ⊂ G as follows. Let S be a maximalQ p -split torus of G which is defined over Q p and contains a maximal Q p -split torus. We furthermore arrange the choice of S so that the maximal Q p -split subtorus of S defines an apartment containing x ∈ B(G, Q p ). Let T := Z G (S) be the centraliser of S. Since G is quasi-split overQ p , it follows that T is a maximal torus of G.
Remark 2.1.4. Let S
• and T • respectively denote the connected components of the Néron models of S and T . Then by [BT84, Proposition 4.6.4], we have the following closed immersions
extending the natural maps on the generic fibres. Therefore, it follows that we have
and the inclusion T (Q p ) 1 ֒→K • comes from a closed embedding of the parahoric group schemes T
• ֒→ G • .
Definition 2.1.5. Let N S ⊂ G denote the normaliser of S in G. Recall that the extended affine Weyl group is defined to be
As S and T are defined over Q p , the natural σ-action on G(Q p ) stabilises N S (Q p ), which defines a σ-action on W . Forw ∈ W , we writeẇ ∈ N S (Q p ) to denote a lift ofw.
We define the following subgroup: 
IfK
• is an Iwahori subgroup (in which case WK • is a trivial subgroup),
sugbroup (in which case we have WK • ∼ = W 0 ), the above bijection becomes
In particular, ifK • is hyperspecial (so X * (T ) = X * (T ) I Qp and W 0 is the Weyl group for G Q p ) then the left hand side is in bijection with the set of dominant cocharacters (with respect to some choice of borel subgroup), and the bijection recovers the Cartan decomposition.
Review on G-(iso)crystals.
Definition 2.2.1. Let X be anZ p -scheme 1 . For a cocharacter µ :
M via µ leaves each grading stable and the resulting G m -action on gr
. G m where the transition maps is the N th power maps ordered by divisibility.
We now work under the setting introduced in Definition 2.1.1; namely, let G be a connected reductive group over Q p , and G be a Bruhat-Tits integral model of G as in Definition 2.1.1. We setK := G(Z p ).
1 It is often convenient and natural to allow X to be an analytic space or a formal scheme. But it will be quite obvious how to adapt the subsequent discussion to these cases.
If G = GL n , then the above definition has an interpretation in terms of F -(iso)crystals as follows. 
Therefore, the G(Q p )-conjugacy class of ν b only depends on the σ-G(Q p ) conjugacy class [b] . So the G(Q p )-conjugacy class of ν b , which will be denoted by ν [b] , only depends on the σ-conjugacy
In particular, the conjugacy class ν [b] is σ-stable; that is, the G(Q p )-conjugacy class of cocharacters ν [b] is defined over Q p . (Note that unless G is quasi-split over Q p , this does not necessarily imply that ν [b] contains a cocharacter defined over Q p .) Definition 2.2.4. We say that b ∈ G(Q p ) is decent if for some r ∈ Z we have:
where the equality takes place in G(Q p ) ⋊ σ . We call the above equation a decency equation. By [RZ96, Corollary 1.9], if b is decent then we have b ∈ G(Q p r ), where r is as in the decency equation.
Kottwitz [Kot85, §4] showed that any σ-conjugacy
Consider the following group valued functor J b = J G,b defined as follows: 
Proof. We may assume that b is decent, in which case the proposition was essentially proved in [RZ96, Corollary 1.14].
The extended affine Weyl group W is a very useful tool to study σ-G(Q p ) and σ-K conjugacy classes. Let us first recall the following result of X. He's on σ-G(Q p ) conjugacy classes [He12, Theorem 3.7].
Theorem 2.2.7. Using the notation from Definition 2.1.5, The natural map Proof. We writew ′ = tw for some t ∈ T (Q p ) 1 , and we want to find an element
In other words, it suffices to show that the group homomorphism ϕw :
• is the connected Néron model of T , ϕw turns out to be a Lang isogeny of T
• . Therefore, ϕw is induces a surjective map on T
• (Z p ) = T (Q p ) 1 (asZ p is strictly henselian). The second claim follows from the first since we have T (Q p ) 1 ⊂K
• ⊂K for any K as above. 
for some r ∈ Z; in other words,
Proof. Since W 0 is finite and Gal(Q p /Q p ) = σ acts on W 0 through a finite quotient, there exists r such that for any w ∈ W 0 we have (wσ)
We choose r to also satisfy that S
• splits over Z p r ⊂Z p . Let t ∈ T (Q p ) denote the element satisfying tσ r = (ẇσ) r . Since SQ p is the split part of TQ p , it follows that X * (S) is precisely the torsionfree part of X * (T ) I Qp . So by replacing r with some suitable multiple, we may assume that the image of t via κ T : T (Q p ) ։ X * (T ) I Qp lies in X * (S). If we write λ := κ T (t) ∈ X * (S), then we may write t = p λ t 1 for t 1 ∈ T (Q p ) 1 . Now, by repeating the proof of Lemma 2.2.8 we can find
1 . For u as above, we setẇ ′ := u −1ẇ σ(u), which satisfies the following:
From this, it clearly follows that λ = rνẇ′ ; in particular,ẇ ′ is decent.
2.3. G-(iso)crystals and virtual F -crystals with tensors. Let R be either a field of characteristic zero or a discrete valuation ring of mixed characteristic. In practice, R will be one of Q, Z (p) , and Z p . Let G be a smooth affine group scheme over R such that the generic fibre is a reductive group. Let M be a free R-module of finite rank, and we fix a closed immersion of group schemes G ֒→ GL R (M ).
Proposition 2.3.1. In the above setting, there exists a finitely many elements s α ∈ M ⊗ such that G is the pointwise stabiliser of (s α ); i.e., for any R-algebra R ′ , we have
Proof. The case when R is a field is proved in [Del82, Proposition 3.1], and the case of discrete valuation rings is proved in [Kis10, Proposition 1.3.2].
We now return to the setting introduced in Definition 2.1.1. Choose a finite free Z p -module Λ equipped with a faithful G-action (i.e., a closed embedding G ֒→ GL(Λ) of algebraic groups over Z p ). Fixing such a datum, we can choose finitely many tensors
. (Here, we identify G as a subgroup of GL(Λ).) In the intended setting, M b will be assumed to be the dual of the contravariant Dieudonné module of a p-divisible group X b over F p and Λ will be isomorphic to the Tate module of a suitableZ plift of X b . (In other words, one can identify M b as the underlyingZ p -module for the covariant Dieudonné module of X b , and bσ = p −1 F where F is the covariant crystalline Frobenius operator. In particular, M b is not stable under bσ unless it is étale. The reason for this normalisation is to identify M b as the first crystalline homology without Tate twist.)
Since (the image of) G in GL(Λ) is the pointwise stabiliser of (s α ), it follows that (2.3.3) is a map of virtual F -crystals for each α (i.e., aZ p -linear morphism which induces a morphism of F -isocrystals after inverting p).
Completely slope divisible G-crystals.
The following definition is an analogue of completely slope divisible p-divisible groups over F p . We will not directly work with this definition, but we will use it as a motivation for regarding [[w] ] as a "completely slope divisible virtual F -crystals with tensors"; cf. Lemma 2.4.3. Definition 2.4.2. Let X be a p-divisible group over F p with height n. We say that X is completely slope divisible if it admits a filtration
such that for some integer r > 0 and strictly decreasing sequence of integers
. We call {λ i := a i /r} the slopes of X.
We write X (i) := X i /X i−1 . Since the slope filtration has a canonical splitting over a perfect base, we may write
Recall that the isomorphism class of X corresponds to certain σ-GL n (Z p ) 
b . Now, the decency equation for b implies that there exists r and a i such that the quasi-isogeny 
And we let XK(b; ν) ⊂ G(Q p )/K denote the image of XK • (b; ν) under the natural projection, and call it an affine Deligne-Lusztig variety of levelK.
pends on the right coset gK • , and the same assertion holds if we replaceK
The following proposition can be thought of as the slope filtration theorem for affine Deligne-Lusztig varieties.
The same statement holds for XK(b; ν).
. Later, we will only consider the case when ν is minuscule.
Proof. It suffices to prove the assertion for XK • (b; ν), which follows from [He14, Corollary 2.9]. Indeed, assuming that XK • (b; ν) is non-empty, the aforementioned result implies that
which is completely slope divisible by Lemma 2.4.3.
2.5. Affine Deligne-Lusztig varieties and p-divisible groups. In this subsection, we want to show that under some suitable assumptions we can interpret XK(b; ν) as the set of self quasi-isogenies of some p-divisible group over F p (cf. Remark 2.5.7). We begin with the example of GL n .
Example 2.5.1. G is split after a tame extension of Q p and p ∤ |π 1 (G der )|.
Let us briefly recall the theory of local models in this setting, following Pappas and Zhu [PZ13] . Under (2.5.2), Pappas and Zhu [PZ13, Theorem 4.1] constructed a smooth affine group scheme H over Z p [u] with connected fibres with the following properties (1) 
and so ρ induces an injective map
Proof. The first claim is proved [Zho17, Corollary 3.5]. Note that its proof does not use the running assumption in [Zho17, §3.2] that ρ (2.5.4) is a closed immersion (i.e., G • = G). Indeed, even when ρ is a locally closed immersion, we still have the closed immersion of the local models (2.5.5) so we can inject 
Now the map
and XK(b; ν) ⊂ G(Q p )/K is the image of XK • (b; ν), we obtain the desired injective map XK(b; ν) ֒→ X GLn(Zp) (ρ(b); ν d ) as claimed.
Remark 2.5.7. If one were to be optimistic, one can expect that Proposition 2.5.6 should hold even if we remove (or weaken) assumption (2.5.2). Indeed, what is really needed in the proof of Proposition 2.5.6 is a good theory of local models, which was developed by Pappas and Zhu under assumption (2.5.2); cf. [PZ13] . If ρ induces a natural map XK(b; ν) ֒→ X GLn(Zp) (ρ(b); ν d ), then by Example 2.5.1
we get a p-divisible group
is "tensor-preserving". In particular, Proposition 2.4.5 shows the existence of a "tensor-preserving" quasi-isogeny ι : Y → X b where Y is completely slope divisible.
THE GROUP OF TENSOR-PRESERVING SELF QUASI-ISOGENIES
3.1. Tensor-preserving internal hom p-divisible groups. Inspired by [CS15, §4.1], we construct a p-divisible group H G b over F p that can be thought of as a "tensorpreserving" internal hom p-divisible group of X b (for completely slope divisible b).
Let X and X ′ be completely slope divisible p-divisible groups over F p . In particular, we have X = i X (i) and X ′ = j X ′(j) , where X (i) and X ′(j) are pure of slope λ i and λ ′ j , respectively. (Cf. Definition 2.4.2.) Then one can construct the "internal hom p-divisible group" H X,X ′ with the following properties:
(1) We have an isomorphism of sheaves lim 
This clearly satisfies the first property, and the second property follows from [CS15, Lemma 4. ; cf. [SW13, Proposition 3.1.3(ii)]. Let us focus on H X,X with X ′ = X, where X is completely slope divisible. Then given any quasi-isogenies ι : X → Y, we have for any R ∈ NilpZ
where Y R is any lift of Y R/p , ( * * ) is from [Kat81, Lemma 1.1.3], and ( * ) is defined by sending f : 
As discussed above, H G b can be canonically lifted to a formal group scheme over SpfZ p so that H 
, which induces a tensor-preserving quasi-isogeny ι : Y → X b . We set H b := H Y,Y , which makes sense as Xẇ is completely slope divisible (cf. Lemma 2.4.3). Then (3.1.1) gives rise to an isomorphism
We set
] is a sub-F -crystal, and it has a Z p -lattice given by tensor-preserving endomorphisms 
This shows that H Although H G b is well defined only up to isogeny, the dimension of a p-divisible group is an isogeny invariant.
Proof. We use the notations as in §2.1 and the proof of Lemma 3.1.3. We constructed the p-divisible group H Let us now describe the slope decomposition of the isocrystal
As in §2.1, we fix the maximalQ p -split torus S ⊂ G defined over Q p . We choose ȃ Q p -rational borel subgroup BQ p ⊂ GQ p so that νẇ is dominant. With respect to this choice, we obtain the set of relative roots Φ 0 for GQ p , and the subset of positive relative roots Φ + 0 . We also have the following decomposition:
is the Lie algebra of T = Z G (S) overQ p , and u α0 is the α 0 -eigenspace with respect to the adjoint action of S(Q p ).
To 
r acts on t as σ r .
Therefore, it follows that t ⊂ gQ p is a sub-isocrystal pure of slope 0, and u α0 is contained in the sub-isocrystal pure of slope α 0 , ν [b] . By dominance of ν [b] , α 0 , ν b is negative only if α 0 is a negative relative root. Therefore, we have
Note that only u −α0 with α 0 , ν [b] > 0 contributes to dim H G b , and we have 
In particular, dim u α0 is equal to the number of absolute roots α with α| S(Qp) = α 0 . Since we have α,
3.2. Self quasi-isogeny groups. Let Qisg(X b ) denote the sheaf of groups on NilpZ p , sending R to the group of self quasi-isogenies of (X b ) R/p . Then Qisg(X b ) can be represented by a formal group scheme over SpfZ p ; cf. [CS15, Lemma 4.2.10]. Indeed, we have a closed immersion of formal schemes Qisg(X b ) ֒→ ( H b ) 2 given by γ → (γ, γ −1 ), inducing a natural bijection
Similarly, we can make the following definition. Definition 3.2.1. In the setting of Lemma 3.1.3 (e.g., under the assumptions (2.5.2, 2.5.3) with XK(b; ν) = ∅), we define the closed formal subgroup scheme Qisg G (X b ) ⊂ Qisg(X b ) over SpfZ p , such that the underlying formal subscheme is
Note that we have a closed immersion of formal schemes
The following is a straightforward corollary of Lemma 3.1.3.
For the rest of this section, we will describe Qisg G (X b ) as a formal scheme, generalising [CS15, Proposition 4.2.11].
Recall that
is the stabiliser of bσ via the conjugation action of
are the group of Q p -points of some reductive group over Q p , so they are equipped with a natural locally profinite topology.
By Dieudonné theory over F p , we can interpret J 
with all the fibres isomorphic to
′ is the sum of all the positive roots of GL(Λ) Q p . 
Since we have Qisg
, where 2ρ is the sum of all the positive roots of G Q p and ν [b] is the dominant representative of the conjugacy class of ν b .
Remark 3.2.5. We set Qisg . We now claim that the following map
Proof of Proposition 3.2.4. The independence of the choice of tensors
of formal schemes, where Qisg
in the case of GL(Λ) Qp can be read off from the proof of Proposition 4.2.11 in [CS15] . Therefore, for any γ ∈ H G,• b (R) where p is nilpotent in R and R/p is f-semiperfect, (id +γ) R/p is a (necessarily tensor-preserving) self quasi-isogeny of (X b ) R/p , so it defines a section in Qisg
b . Hence, we obtain the desired isomorphism Qisg 
REVIEW OF KISIN-PAPPAS DEFORMATION RINGS
From now on, we always assume that p > 2.
Review of Dieudonné display theory.
We briefly review and set up the notation for the theory of Dieudonné displays for p-torsion free complete local noetherian rings with residue field F p , following [KP15, §3.1]. For more standard references for Dieudonné display theory, we refer to Zink's original paper [Zin01a] and Lau's paper [Lau14] .
Let R be a complete local noetherian ring with residue field F p . In [Zin01a] , Zink introduced a p-adic subring W(R) of the ring of Witt vectors W (R), which fits in the following short exact sequence:
is stable under the Frobenius and Verschiebung operators of W (R). Recall that W(R) is p-torsion free if R is p-torsion free (since in that case W (R) is p-torsion free). Let I R denote the kernel of the natural projection W(R) ։ R, which coincides with the injective image of the Verschiebung operator (if p > 2). We let σ : W(R) → W(R) denote the Witt vector Frobenius map. Also if p > 2 then I R is stable under the natural divided power structure on the kernel of W (R) ։ R, and W(R) is a p-adic divided power thickening of R. (In particular, one can evaluate a crystal over R at W(R).) For any complete local noetherian ring R with perfect residue field of characteristic p > 2, Zink [Zin01a] constructed a natural equivalance between the category of p-divisible groups over R and the category of Dieudonné displays over R. We can describe this (covariant) equivalence of categories when W(R) is p-torsion free in terms of crystalline Dieudonné theory using Lau's result [Lau14] , as follows.
Assume that W(R) is p-torsion free (for example, p-torsion free R). Then for a p-divisible group X over R, the (covariantly) associated Dieudonné display is given by the following data:
(1) M := (D(X)(W(R))) * and M 1 := ker (M ։ (D(X)(R)) * ։ Lie(X)), where D(X) is the contravariant Dieudonné crystal; (2) The crystalline Frobenius F :
Remark 4.1.2. Let X be a p-divisible group over a R as above (with the extra assumption that R is p-torsion free). Let (M, M 1 , Φ, Φ 1 ) denote the associated Dieudonné display. Note that the underlying crystal D(X) together with the crystalline Frobenius only depends on X R/p . Therefore, the underlying W(R)-module M and
Review of Kisin-Pappas deformation theory. We begin with the review of the deformation theory of p-divisible groups with tensors in [KP15, §3] . Let us first consider the case of GL n We choose b ∈ GL n (Q p ) such that there exists a p-
where Λ = Z Under these assumptions, the identity right cosetK ∈ G(Q p )/K belongs to XK(b; σ * µ); cf. [Zho17, §5.4] . In this case, we have constructed the formal closed subgroup scheme Qisg G (X) ⊂ Qisg(X) (cf. Definition 3.2.1), which can be applied since we have (2.5.2, 2.5. 3 We assume that p ∤ |π 1 (G der )| to ensure that the local model M loc
is normal (so the "deformation ring" R G is normal). The rest of the assumptions are made because we need to have [KP15, Proposition 1.4.3] for the deformation theory, which is proved under the assumption that G splits after a tame extension and the adjoint group of G has no factor of type E 8 .
We identify R GL as the completed local ring of the grassmannian M ι). (Indeed, the full self quasi-isogeny group Qisg(X) naturally act on the RapoportZink space, and it restricts to this Qisg
• (X)-action on the completion Spf R GL .) Recall that the construction Qisg G (X) ⊂ Qisg(X) can be applied to the setting of Definition 4.2.1. The goal of this section is to prove the following theorem: 
defined by the natural Qisg
We can deduce this theorem from the following proposition: 
Granting Proposition 4.3.3, one can deduce Theorem 4.3.1 as follows:
Proof of Theorem 4.3.1. We write the underlying formal scheme for Qisg 
We want to show that this map factors through the quotient R G . By Proposition 4.3.3, the following map
factors through R G for any ξ :
, the kernel of (4.3.4) is the intersection of the kernel of (4.3.5), which should coincide with the kernel of the natural projection R GL ⊗Z p OȆ ։ R G by Proposition 4.3.3.
Proof of Proposition 4.3.3. Let X ξ denote the deformation of X over O corresponding to ξ, and let ι ξ : (X ξ ) O/p X O/p denote the unique quasi-isogeny lifting the identity map of X. We choose a complete algebraically closed extension C of K = Frac(O), and view ξ as an O C -point of R G . By (completed) scalar extension of (4.3.5) over O C , we obtain the following map
which is determined by the following properties:
(1) The universal deformation of X pulls back to the base change of
4 As explained in Remark 4.2.9, this assumption can be arranged if R G came from some integral model of Shimura varieties constructed in [KP15] . 
by (4.3.6) corresponds to the following quasi-isogeny
The quasi-isogeny γ univ •ι ξ preserves the tensors (s α ) in the sense of Definition 3.1.2. by (4.3.6 ). Since S G,ξ is ptorsion free by construction, it suffices to show that for any finite extension
where C is the fixed complete algebraically closed extension of Frac(O). We also choose and a map ξ Remark 4.3.7. Assume that G is a reductive group over Z p , and (X, (s α )) comes from a mod p point of some integral canonical model of Hodge-type Shimura varieties (with hyperspecial level structure at p). Then one can define Hodge-type RapoportZink spaces (cf. [Kim13] , [HP15] ) and Hodge-type Igusa towers (cf. [Ham16b] ), and it is not difficult to deduce from Theorem 4.3.1 that the full tensor-preserving self quasi-isogeny group Qisg G (X) acts on Hodge-type Rapoport-Zink spaces and Igusa towers. Indeed, we have Qisg G (X) = Qisg Let X ξ ′ denote the p-divisible group over O ′ corresponding to ξ ′ . Then we have a unique quasi-isogeny
lifting the identity map on X. And as ξ ′ is an O ′ -point of R G , the quasi-isogeny ι ξ ′ is tensor-preserving. Therefore, the quasi-isogeny
is tensor-preserving. Finally, using X ξ ′ ,OC = X ξ,OC (which comes from the fact that ξ ′ ∈ Qisg • (X)(O C )), it follows that the pull back of ι −1 ξ ′ • ι ξ over O C /p is a tensor-preserving self quasi-isogeny of X ξ,OC /p , hence defines an element γ ξ ∈ Qisg • G (X)(O C ). Furthermore, by construction we have γ ξ ′ · ξ = ξ ′ , where γ ξ ′ · ξ refers to the natural action of γ ξ ′ ∈ Qisg
• (X)(O C ) on ξ ∈ R GL (O C ). This shows that ξ ′ ∈ Qisg
• G (X) ξ (O C ), as we have claimed.
ALMOST PRODUCT STRUCTURE IN KISIN-PAPPAS DEFORMATION RINGS
Throughout this section, we setR GL := R GL /pR GL andR G := R G /mȆR G . For any ring R of characteristic p, we let R it factors through the completion of C G so in turn it factors through C 5.2. Product structure of the Newton stratum. Let N GL ⊂ SpecR GL be theLet us choose a closed point x ∈ S (F p ), and set X := A x [p ∞ ] (where A is the pull back of the universal abelian scheme over S ′ ). Let Spf R GL denote the formal scheme classifying p-divisible groups deforming X, and we identify S x = Spf R G as before. By [Oor04, Proposition 2.2], there exists a (reduced) locally closed subscheme C S (X) ⊂ S F p such that a geometric pointȳ : Spec κ → S F p factors through C S (X) if and only if we have Aȳ[p ∞ ] ∼ = X κ . The following is a corollary of Theorem 5.1.3.
Corollary 5.3.1. We write C := C S (X) for brevity. For any y ∈ C (F p ), the formal completion C y coincides with the formal completion C G of the central leaf C G ⊂ Spec R G (as in Theorem 5.1.3) . Furthermore, C is smooth of equi-dimension 2ρ, ν [b] (using the notation from Proposition 3.1.4).
